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Abstract. In this paper, we determine spectral stability results of periodic waves associated with the critical
Korteweg-de Vries and Gardner equations. For the first equation, we show that both positive and zero mean
periodic traveling wave solutions possess a threshold value which may provides us a rupture in the spectral
stability. Concerning the second equation, we establish the existence of periodic waves using a Galilean
transformation on the periodic cnoidal solution associated with the modified Korteweg-de Vries equation and
for both equations, the threshold values are the same. The main advantage presented in our paper concerns
in solving some auxiliary initial value problems to obtain the spectral stability.
1. Introduction
Spectral stability of periodic waves is a subject of research in which several mathematicians have been
interested in the last years. In this paper, we establish this property for the critical Korteweg- de Vries
(critical KdV henceforth) equation
ut + (u
5)x + uxxx = 0, (1.1)
and the Gardner equation
ut + (u
2)x + (u
3)x + uxxx = 0. (1.2)
Both equations are examples of the generalized Korteweg-de Vries equation (gKdV henceforth), that is,
ut + (g(u) + uxx)x = 0, (x, t) ∈ R× R, (1.3)
where g : R → R is a smooth real function. This model is very important in several physical settings. For
instance, it appears in shallow water surfaces, in internal water waves, in nonlinear optics, in the evolution
of ion-acoustic waves, in unmagnetized plasma, and in nonlinear hydromagnetic waves in a cold collisionless
plasma ([6], [7], [12], [16]).
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2 SPECTRAL STABILITY OF PERIODIC WAVES.
The general equation above admits traveling waves of the form u(x, t) = φ(x−ωt), where ω indicates the
wave-speed. By substituting this type of solution into (1.3) and integrating it once, we obtain
− ωφ+ φ′′ + g(φ) +A = 0, (1.4)
where A is an arbitrary integration constant and φ = φ(ω,A) has L−periodic boundary conditions.
Now, we present the basic framework about spectral stability, as well as some important contributions
concerning this subject. The problem of linear instability for the gKdV equation consists in proving the
existence of λ ∈ C with Re(λ) > 0 such that its corresponding eigenfunction u 6= 0 satisfies the linearized
equation
∂xLu = λu. (1.5)
Here, L denotes the linearized operator around the traveling wave φ defined in L2 given by
L = −∂2x + ω − g′(φ), (1.6)
where g′ indicates the derivative of g in terms of φ. In the affirmative case, φ is said to be spectrally unstable.
Otherwise, the periodic wave φ is said to be spectrally stable if the spectrum of ∂xL is entirely contained in
the imaginary axis of the complex plane C.
If we restrict to the case of solitary waves, J = ∂x is a one-to-one operator with no bounded inverse. This
fact prevents the use of classical methods of spectral instability as in [13]. However, sufficient conditions have
been established by some contributors to overcome this difficulty. For instance, in [15] the authors determined
results of spectral stability related to the problem (1.5) by using the Krein-Hamiltonian instability index to
count the number of negative eigenvalues with a positive real part of the spectral problem in (1.5). Moreover,
it is possible to adapt the method to conclude similar facts for the BBM-type problems
ut + ux − utxx + (g(u))x = 0, (1.7)
and the fractional models related to those equations. In [18] the author presented sufficient conditions for
the linear instability by using the semigroup theory. Interesting results were also given by [2] and [17].
In periodic setting we have the work [10], where sufficient conditions for the spectral stability/instability
have been determined. However in such case, since J is not a one-to-one operator, the authors have
considered the modified problem
JL
∣∣
H0
u = λu, (1.8)
where H0 ⊂ H := L2per([0, L]) is the closed subspace given by
H0 =
{
f ∈ L2([0, L]);
∫ L
0
f(x)dx = 0
}
.
The Krein-Hamiltonian index formula was applied to deduce the linear stability of periodic waves associated
with the equation (1.3) for g(s) = ±s3. However, it was necessary to know the behavior of the first five
eigenvalues of the linear operator L in (1.6).
In our analysis, the previous knowledge of the periodic wave is not necessary but it can be useful in order
to obtain the spectral stability/instability. We use a different way to compute the Krein-Hamiltonian index
formula associated with examples but the method can be adapted to other models contained in the regime
of (1.3) and related equations. Presented here are the critical KdV and Gardner equations.
We are going to illustrate our two basic examples. First, if the critical KdV is considered, we prove
the spectral stability/instability results associated with positive and zero mean periodic waves. It is well
known that both periodic waves appear when, in the equation (1.4), g(φ) = φ5 and A = 0. Concerning
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positive and periodic waves, we determine our results using the explicit solution determined in [4]. After
that, we solve numerically some auxiliary initial value problems which give us the precise information about
the Krein-Hamiltonian index formula in order to obtain the spectral stability. Explicit zero mean periodic
waves were unknown in the current literature until now. To fill this gap, we present a cnoidal wave profile.
For the case of positive periodic waves, it is expected that n(L) = 1 and ker(L) = [φ′]. When periodic
waves with the zero mean property is considered, one has n(L) = 2 and ker(L) = [φ′]. In the second case,
and using an explicit solution, it has been determined the same spectral property for the case g(s) = s3 and
A = 0 as determined [3] and [10]. It is worth mentioning that the authors had in hands the behavior of the
first five eigenvalues of the linearized operator L to calculate the sign of 〈L−11, 1〉 using Fourier series. This
quantity plays an important role to deduce spectral stability results associated with the gKdV equation in
the sense that it is possible to identify an eventual existence of points (ω,A) contained in the parameter
regime satisfying 〈L−11, 1〉 < 0 and 〈L−11, 1〉 > 0. The change of sign establishes a rupture on the spectral
stability scenario when cnoidal waves associated with the modified KdV equation are considered ([3] and
[10]). Concerning our zero mean periodic waves for the critical KdV we obtain, in the line (ω, 0), a threshold
value ω1 > 0 such that 〈L−11, 1〉 = 0. In addition, 〈L−11, 1〉 < 0, if ω < ω1 and 〈L−11, 1〉 > 0, if ω > ω1. In
the first case, the associated wave is spectrally stable and in the second one, spectrally unstable.
Next, we shall give few words about the Gardner equation. We construct explicit periodic waves with
cnoidal profile by using the modified KdV equation and its corresponding cnoidal solution. In fact, if φ is a
solution of the equation (1.4) with g(s) = s2 + s3, thus ϕ = φ+ 13 is a periodic solution with cnoidal profile
as ϕ(x) = dcn(ex, k) and associated with the corresponding modified KdV equation
− ϕ′′ + (ω + 1
3
)ϕ− ϕ3 = 0, (1.9)
where d and e are smooth functions depending on the wave speed ω + 13 . In equation (1.9), k ∈ (0, 1) is
called modulus of the elliptic function.
It is well known that equation (1.9) admits periodic waves with dnoidal and cnoidal profiles. The corre-
sponding solution with dnoidal profile for the Gardner equation and its respective orbital stability have been
determined in [1]. Our intention is to determine spectral stability results of the associated cnoidal profile
and we also present a threshold value ω1 such that 〈L−11, 1〉 = 0 at ω = ω1. More specifically, we obtain the
same threshold value ω1 as obtained for the cnoidal waves associated with the modified KdV equation and
the reason for that concerns a connection between modified KdV and Gardner equations using the Galilean
invariance ϕ = φ+ 13 . This fact produces that the linearized operator associated with both periodic waves
ϕ and φ are the same. As a consequence, if Lϕ is the corresponding linearized operator around ϕ for the
modified KdV equation and L the linearized operator around φ, we have 〈L−1ϕ 1, 1〉 = 〈L−11, 1〉, that is,
the sign of 〈L−11, 1〉 is determined just by analyzing 〈L−1ϕ 1, 1〉. As we will see later, ω > ω1 implies that
〈L−11, 1〉 < 0 (spectral stability) while ω > ω1 gives us 〈L−11, 1〉 > 0 (spectral instability).
This paper is organized as follows. In Section 2 we give the basic framework of the spectral stability
following the ideas in [10]. In Section 3, we study the existence of periodic waves and their dependence with
respect to the parameters, as well as the spectral analysis of the linearized operator. Finally, Section 4 is
devoted to our applications.
2. Basic Framework of Spectral Stability of Periodic Waves.
In this section we present the basic framework established in [10] which provides us a criterion for deter-
mining the spectral stability of periodic waves related to the abstract Hamiltonian equations of the form
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ut = JE
′(u) (2.1)
defined on a Hilbert space H, where J : H → range(H) ⊂ H is a skew symmetric, and E : H → R is a
C2−functional. We restrict ourselves to the specific case when J = ∂x and E(u) = 12
∫ L
0 u
2
x−2G(u)dx, where
G′ = g. In that case, the equation (2.1) becomes the well known generalized Korteweg-de Vries equation as
in (1.3).
Let us consider again the spectral problem related to the generalized KdV equation
∂xLu = λu, (2.2)
where L = −∂2x + ω − g′(ω,A, φ) is the linearized operator around the periodic wave φ which is a periodic
traveling wave solution of the equation (1.4). As we have mentioned before, the standard theories of spectral
instability of traveling waves for the abstract Hamiltonian system as in [13] and [18] can not be applied in
this context. To overcome this difficulty, we are going to give a brief explanation of the results in [10].
Indeed, let us consider the modified spectral problem obtained from (2.2)
JL
∣∣
H0
u = λu, (2.3)
where H0 ⊂ H is the closed subspace given by
H0 =
{
f ∈ L2([0, L]);
∫ L
0
f(x)dx = 0
}
.
In this whole section, we need to assume that:
(a1) There exists φ smooth even periodic solution associated with (1.4) and such that φ′ has only two
zeros in the interval [0, L).
(a2) ker(L) = span{φ′}.
Assumption (a1) implies, from the classical Floquet theory in [22] that n(L) = 1 or n(L) = 2 where n(L)
indicates the number of negative eigenvalues of the linearized operator L = −∂2x + ω − g′(φ). In addition,
assumption (a2) allows us to deduce the existence of a non-periodic even solution y¯ which satisfies the Hill
equation
− y¯′′ + ωy¯ − g′(φ)y¯ = 0, (2.4)
where {y¯, φ′} is a fundamental set of solutions associated with the linear equation (2.4).
According with Theorem 3.3 determined in Section 3, one can see that assumption (a2) will provide us
the existence of a smooth surface of even periodic waves which solves (1.4) and defined in an open subset
O ⊂ R2,
(ω,A) ∈ O 7→ φ(ω,A) ∈ Hsper([0, L]), s 1,
all of them with the same period L > 0.
Next, we describe the arguments in [10]. For the spectral problem in (2.3) let kr be the number of real-
valued and positive eigenvalues (counting multiplicities). The quantity kc denotes the number of complex-
valued eigenvalues with a positive real part. Since Im(L) = 0, where Im(p) indicates the imaginary part
of the complex number p, we see that kc is an even integer. For a self-adjoint operator A, let n(〈w,Aw〉)
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be the dimension of the maximal subspace for which 〈w,Aw〉 < 0. Also, let λ be an eigenvalue and Eλ its
corresponding eigenspace. The eigenvalue is said to have negative Krein signature if
k−i := n(〈w, (L
∣∣
H0
)
∣∣
Eλ
w〉) ≥ 1,
otherwise, if k−i = 0, then the eigenvalue is said to have a positive Krein signature. If λ is geometrically and
algebraically simple with the eigenfunction ψλ, then
k−i =
{
0, 〈ψλ, (L
∣∣
H0
)ψλ〉 > 0
1, 〈ψλ, (L
∣∣
H0
)ψλ〉 < 0.
We define the total Krein signature as
k−i :=
∑
λ∈iR\{0}
k−i (λ).
The fact Im(L) = 0 also implies that k−i is an even integer.
Let us consider
I = 〈L−11, 1〉, (2.5)
and denote D as the determinant of the 2× 2−matrix given by
D =
1
〈L−11, 1〉 det
 〈L−1φ, φ〉 〈L−1φ, 1〉
〈L−1φ, 1〉 〈L−11, 1〉
 (2.6)
We obtain, then, the following results:
Theorem 2.1. Suppose that assumptions (a1)-(a2) hold. If I 6= 0 and D is non-singular we have for the
eigenvalue problem (2.3)
kr + kc + k
−
i = n(L)− n(I)− n(D).
The nonpositive integer KHam = kr + kc + k
−
i is called Hamiltonian-Krein index.
Proof. See [10]. 
Corollary 2.1. Under the assumptions of Theorem 2.1, if kc = kr = k
−
i = 0 the periodic wave φ is linearly
stable. In addition, if KHam = 1 the refereed periodic wave is linearly unstable.
Proof. The first part of the corollary is an immediate consequence of Theorem 2.7 in [10]. Now, if KHam = 1
we deduce that kr = 1 since kc and k
−
i are even nonnegative integers. So, operator JL presented in the
spectral problem (2.3) has a positive eigenvalue which able us to deduce the linear instability of the periodic
wave. 
We shall present some considerations concerning the result determined in Corollary 2.1 applied to the
case of the generalized KdV equation in (1.3). In fact, by assuming that assumption (a2) is verified one has
〈L−1φ, φ〉 = −1
2
d
dω
∫ L
0
φ2dx, 〈L−1φ, 1〉 = − d
dω
∫ L
0
φdx,
and
I = 〈L−11, 1〉 = d
dA
∫ L
0
φdx.
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So, we have
n(I) =
 0,
d
dA
∫ L
0 φdx ≥ 0
1, ddA
∫ L
0 φdx < 0.
On the other hand, in order to determine n(D) it is necessary to analyze the quantity D. In fact, if
D < 0 we have that the associated matrix has a positive and a negative eigenvalue and therefore n(D) = 1.
However, if D > 0, it is not possible to directly decide about the quantity n(D) since we could have n(D) = 0
(two positive eigenvalues for the associated matrix) or n(D) = 2 (two negative eigenvalues). In the next
section, we determine sufficient conditions to obtain assumptions (a1)-(a2) for a general class of second order
differential equations. In addition, we present two useful initial value problems used to determine a precise
way to calculate I and D.
3. Basic Framework on Spectral Analysis.
In a general setting, let us suppose that φ is an even L−periodic solution of the general equation
− φ′′ + f(ω,A, φ) = 0, (3.1)
where f is a smooth function depending on (ω,A, φ) and (ω,A) is an element of an admissible set P ⊂ R2.
This means that P contains all the pairs (ω,A) where φ is a periodic solution of (3.1).
Let L be the linearized equation around φ, where φ is a periodic solution of (3.1) of period L. The
linearized operator
L(y) = −y′′ + f ′(ω,A, φ) y, (ω,A) ∈ P (3.2)
is a Hill operator, therefore, according to [14] and [22], the spectrum of L is formed by an unbounded
sequence of real numbers
λ0 < λ1 ≤ λ2 < λ3 ≤ λ4 ... < λ2n−1 ≤ λ2n · · · ,
where equality means that λ2n−1 = λ2n is a double eigenvalue. The spectrum of L is characterized by the
number of zeros of the eigenfunctions, if p is an eigenfunction associated with the eigenvalue λ2n−1 or λ2n,
then p has exactly 2n zeros in the half-open interval [0, L).
In order to apply the general theory of orbital stability, [8], [13] and [23], the spectrum of L is of main
importance and also of the major difficulty in the applications. It is necessary to know exactly the non-
positive spectrum; more precisely, it is necessary to know the inertial index in(L) of L, where in(L) is a
pair of integers (n, z), where n is the dimension of the negative subspace of L and z is the dimension of the
null subspace of L.
The results of this section are based on [19], [20] and [21] and the first one concerns the invariance of the
index with respect to the parameters. Since the derivative φ′ is an eigenfunction associated with λ = 0 for
every (ω,A) ∈ P, we can state the following result.
Theorem 3.1. Let φ a smooth L−periodic solution of the equation (3.1). Then the family of operators
L(y) = −y′′ + f ′(ω,A, φ) y is isoinertial with respect to (ω,A) in the parameter regime.
Proof. See [19] and [21]. 
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In order to calculate the inertial of L for a fixed value of (ω0, A0), we shall consider the auxiliary function
y¯ the unique solution of the problem 
−y¯′′ + f ′(ω0, A0, φ)y¯ = 0
y¯(0) = − 1φ′′(0)
y¯′(0) = 0,
(3.3)
and also the constant θ given by
θ =
y¯′(L)
φ′′(0)
, (3.4)
where L is the period of φ.
We know that the derivative φ′ is an eigenfunction associated with the eigenvalue λ = 0, and also that
φ′(x) has exactly two zeros in the half-open interval [0, L). Therefore we have three possibilities:
i) λ1 = λ2 = 0⇒ in(L) = (1, 2),
ii) λ1 = 0 < λ2 ⇒ in(L) = (1, 1),
iii) λ1 < λ2 = 0⇒ in(L) = (2, 1),
The method we use to decide and calculate the inertial index is based on Lemma 2.1 and Theorems 2.2
and 3.1 of [20]. This result can be stated as follows.
Theorem 3.2. Let θ be the constant given by (3.4), then the eigenvalue λ = 0 is simple if and only if θ 6= 0.
Moreover, if θ 6= 0, then λ1 = 0 if θ < 0, and λ2 = 0 if θ > 0.

In order to show our spectral stability results, it is convenient to show the existence of a family φ of
L-periodic solutions for the equation (3.1) that smoothly depends on the parameters (ω,A), for (ω,A) in
an open set O ⊂ P.
Theorem 3.3. Let φ(ω0,A0) be an even periodic solution of (3.1) defined in a fixed pair (ω0, A0) in the
parameter regime. If θ 6= 0, where θ is the constant given in Theorem 3.2, and L is the period of φ(ω0,A0),
then there is an open neighborhood O of (ω0, A0), and a family φ(ω,A) ∈ H2per,e([0, L]) of L-periodic solutions
of (3.1), which smoothly depends on (ω,A) ∈ O.
Proof. Let P the set of parameters and F be the operator given by the equation (3.1) restrict to the even
functions, precisely, F : P×H2per,e([0, L])→ L2per,e([0, L]),
F(ω,A, φ) = −φ′′ + f(ω,A, φ). (3.5)
Then F(ω0, A0, φ(ω0,A0)) = 0, since φ(ω0,A0) is an even periodic solution of the equation (3.1). If θ 6= 0,
Theorem 3.2 implies that L(ω0,A0)(y) = −y′′ + f ′(ω0, A0, φ(ω0,A0)) y, has an one-dimensional nullspace; and
from the invariance, this nullspace is spanned by φ′(ω0,A0). Since φ
′
(ω0,A0)
is odd, it is not an element of
H2per,e([0, L]), it follows that Fφ(ω0, A0, φ(ω0,A0)) = L(ω0,A0) : H
2
per,e([0, L]) ⊂ L2per,e([0, L])→ L2per,e([0, L]) is
invertible and its inverse is bounded. Therefore, the results of the Theorem 3.3 follows from the implicit
function theorem. See Theorem 15.1 and Corollary 15.1 of [11]. 
In what follows, we are going to consider (3.1) as
− φ′′ + ωφ− g(φ)−A = 0. (3.6)
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We assume that θ 6= 0 in a single point (ω0, A0) in the parameter regime. By Theorem 3.3 we can define
ψ =
∂φ
∂ω
and η =
∂φ
∂A
.
Again by Theorem 3.3, it is easy to see that ψ above is an even periodic smooth function which satisfies,
for the case of the equation (1.3)
− ψ′′ + ωψ − g′(φ)ψ = −φ. (3.7)
In addition, η is also an even periodic function satisfying
− η′′ + ωη − g′(φ)η = 1. (3.8)
Remark 3.1. Theorem 3.1 gives us an important property concerning the quantity and multiplicity of the
first two eigenvalues associated with the linearized operator L defined in (1.6). Indeed, if θ 6= 0 in a certain
point (ω0, A0) in the parameter regime P, we can conclude that the kernel of L associated with the periodic
wave φ is simple and n(L) is constant for all (ω,A) in the parameter regime, that is, the value in(L) is
constant where the equation (1.4) admits periodic solutions.
Next result gives us an immediate converse of Theorem 3.3 for the case g(s) = sp+1.
Proposition 3.1. Let O˜ ⊂ R2 be an open subset. Suppose that (ω,A) ∈ O˜ 7→ φ(ω,A) is a smooth surface of
even periodic traveling wave solutions which solves (3.6) with g(s) = sp+1 all of them with the same fixed
period L > 0. Thus, ker(L) = [φ′] and the value n(L) is constant for all (ω,A) ∈ O˜.
Proof. To simplify the notation, let us denote φ = φ(ω,A) and consider {φ′, y¯} the fundamental set of
solutions related to the equation Ly¯ = 0. By contradiction, assume that y¯ is L−periodic. Since φ′ is even,
the arguments in [22] give us that y¯ can be considered odd. The Wronskian associated with {φ′, y¯} and
denoted by W(φ′, y¯) satisfies W(φ′, y¯) = 1 over [0, L] (see [22]). Moreover, since y¯ and φ′ are both periodic
functions, we obtain from (1.4) that
L =
∫ L
0
W(φ′, y¯)dx = −2
∫ L
0
y¯φ′′dx = −2
∫ L
0
y¯
(
ωφ− φp+1 −A) dx
= −2ω
∫ L
0
y¯φdx+ 2
∫ L
0
y¯φp+1dx+ 2A
∫ L
0
y¯dx.
(3.9)
Since Lφ = A− pφp+1, by (3.7), (3.8) and the fact that Ly¯ = 0, we deduce
0 = 〈φ,Ly¯〉 = 〈ψ,Ly¯〉 = 〈η,Ly¯〉. (3.10)
Gathering the results in (3.9) and (3.10), we obtain a contradiction since L > 0. Therefore, ker(L) = [φ′]
as desired. 
Let us suppose that θ 6= 0 in a single point (ω0, A0) in the parameter regime. By Theorem 3.3 we are
enabled to determine the initial condition ψ(0) at the point (ω0, A0). To do so, we multiply equation (3.7)
by y¯, where y¯ is given in (3.3), and integrate the first term twice. We get
−
∫ L
0
φ(ω0,A0) y¯ dx = ψ(L)y¯
′(L) = ψ(0)y¯′(L).
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Similarly, from (3.8) one has ∫ L
0
y¯ dx = η(L)y¯′(L) = η(0)y¯′(L).
Since θ 6= 0 we conclude that y¯′(L) 6= 0 and then ψ(x) and η(x) are obtained by solving, respectively, the
following initial value problems
−ψ′′ + ω0ψ − g′(ω0, A0, φ(ω0,A0))ψ = −φ(ω0,A0)
ψ(0) = − 1y¯′(L)
∫ L
0 φ(ω0,A0) y¯ dx
ψ′(0) = 0,

−η′′ + ω0η − g′(ω0, A0, φ(ω0,A0))η = 1
η(0) = 1y¯′(L)
∫ L
0 y¯ dx
η′(0) = 0.
(3.11)
Both initial value problems are very useful to determine I and D given in Section 2.
4. Applications - Spectral stability of periodic waves
4.1. Case g(s) = sp+1 - Existence of periodic waves using variational methods. Using a variational
method, we establish the existence of periodic waves associated with (3.6). The main advantage of the
approach presented here is that the quantity of negative eigenvalues of L in (1.6) defined for periodic waves
φ in a single point (ω0, A0) ∈ P which emanates from the center point up to the correspondent homoclinic
is precisely determined. Thus, in this specific case, Remark 3.1 can be used to deduce the quantity and
multiplicity of negative eigenvalues for all (ω,A).
Let L > 0 and γ > 0 be fixed. We define the set
Yγ =
{
u ∈ H1per([0, L]);
∫ L
0
up+2dx = γ
}
.
Our first goal is to find a minimizer of the constrained minimization problem
m = inf
u∈Yγ
Bω(u), (4.1)
where for each ω > 0, Bω is given by
Bω(u) =
1
2
∫ L
0
u′2 + ωu2dx (4.2)
We observe that Bω is a smooth functional on H
1
per([0, L]).
Lemma 4.1. The minimization problem (4.1) has at least one nontrivial solution, that is, there exists φ ∈ Yγ
satisfying
Bω(φ) = inf
u∈Yγ
Bω(u). (4.3)
Proof. Since m ≥ 0 and Bω is a smooth functional, we are enable to consider {un} as a minimizing sequence
for (4.1), that is, a sequence in Yγ satisfying
Bω(un)→ inf
u∈Yγ
Bω(u) = m, as n→∞.
The fact that ω > 0 enables us to conclude {un} as a bounded in H1per([0, L]). Thus, modulus a subse-
quence, there exists φ ∈ H1per([0, L]) such that
un ⇀ φ weakly in H
1
per([0, L]), as n→∞.
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Now, since the energy space H1per([0, L]) is compactly embedded in L
p+2
per ([0, L]) ↪→ L2per([0, L]), we have
un → φ in Lp+2per ([0, L]), as n→∞,
and so,
∫ L
0 φ
p+2dx = γ.
Moreover, the weak lower semi-continuity of Bω gives us that
Bω(φ) ≤ lim inf
n→∞ Bω(un) = m.
The lemma is now proved. 
By Lemma 4.1 and Lagrange’s Multiplier Theorem, we guarantee the existence of C1 such that
− φ′′ + ωφ = C1φp+1. (4.4)
We note that φ is nontrivial because γ > 0 and a standard scaling argument enables us to deduce that the
Lagrange Multiplier C1 can be chosen as C1 = 1. In addition, (4.4) and arguments of ODE give us that φ is a
smooth function depending on x ∈ [0, L]. Now, let L > 0 be fixed as before. Since the minimization problem
(4.1) can be solved for any γ > 0, we deduce that φ can be considered as a smooth function depending on
ω > 0.
Considerations above guarantee the existence of a convenient interval I and a smooth curve ω ∈ I 7→ φ ∈
Hnper([0, L]), n ∈ N, satisfying the equation
− φ′′ + ωφ− φp+1 = 0. (4.5)
In this setting, the existence of a smooth curve of periodic waves depending on ω enables us to conclude
by Proposition 3.1 that ker(L) is simple. Concerning n(L), we see that φ is a minimizer of Bω with one
constraint. Since 〈Lφ, φ〉 < 0, we obtain by Courant’s Min-Max Principle that n(L) = 1.
Analysis above enables us to deduce the following sentence: for φ solution of (4.5) with ω0 > 0 and the
corresponding single point (ω0, 0) in the parameter regime, we have that n(L(ω0,0)) = 1 and ker(L(ω0,0)) =
[φ′]. Therefore, by Theorem 3.2 and Remark 3.1 one has that θ 6= 0 for all (ω,A) ∈ P. This means that the
solution φ of (3.6) satisfies n(L) = 1 and ker(L) = [φ′] for all (ω,A) in the parameter regime.
Remark 4.1. Solutions φ which are minimizers of the problem (4.3) are well determined by the analysis
above. In fact, they are rounding the center point(s) in the phase portrait and have the homoclinic as a limit
for large periods. The corresponding solution φ enjoys the same property. As we have already mentioned
before, the parameter regime is the maximal set constituted of pairs (ω,A) such that all periodic waves round
the center point(s) in the phase portrait. The analysis above gives us that n(L) = 1 and ker(L) = [φ′] for
all these waves.
4.1.1. Positive periodic waves for the critical KdV. We start our examples studying the spectral stability of
periodic waves associated with positive periodic waves for the case A = 0 and g(s) = s5 in equation (3.6).
According with [4], it is possible to determine a positive periodic wave with dnoidal profile as
φ(x) =
adn
(
2K(k)
L x, k
)
√
1− bsn2
(
2K(k)
L x, k
) , (4.6)
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where a, b and ω depend smoothly on the modulus k ∈ (0, 1) and they are given by
a =
[4(2k2 − 1 + 2(1− k2 + k4)1/2)K(k)2L2]1/4
L
, b = 1− k2 −
√
k4 − k2 + 1, (4.7)
and
ω =
4K(k)2
√
k4 − k2 + 1
L2
. (4.8)
By Remark 4.1, one has that n(L) = 1 and ker(L) = [φ′]. Therefore, we get the same spectral properties
for all (ω,A) in the parameter regime and by Theorem 3.3, we guarantee the existence of a smooth surface
(ω,A) ∈ O 7→ φ(ω,A) ∈ Hnper,e([0, L]), n 1,
of periodic waves, all of them with the same period L > 0.
Let L > 0 be fixed. According with the tables below, we obtain a threshold value for I which is k0 ≈ 0.498.
Thus, I = 0 at k = k0, I < 0 if k ∈ (0, k0) and I > 0 if k ∈ (k0, 1). However, there is no rupture of the
spectral stability in this case since the values of D have a change of sign at k = k0. In any case where
I 6= 0, one has the spectral stability of the periodic wave φ in an open neighborhood of (ω, 0) where ω > pi2
L2
(see Corollary 2.1). Important to mention that the spectral stability does not imply the orbital stability as
mentioned in [10] since the Cauchy problem associated with the equation (1.1) is not globally well posed
in the energy space H1per([0, L]). In some sense, we are in conformity with the arguments in [4], where for
specific values of k in an open interval contained in (0, 1) (consequently of ω by (4.8)), we got the orbital
instability of φ in (4.6) employing an adaptation of the arguments in [8]. Another important fact: when
L = 2pi, we see that D goes to zero when k → 1− (in our tables, this fact also occurs for different values of
L by taking k closer to 1). Thus, we ”recover” the property ddω
∫∞
−∞Q
2dx = 0, where Q is the hyperbolic
secant profile associated with the critical KdV equation with wave speed ω > 0.
L = 2pi
k0 θ I D
0.0001 −753918.04 −6.28 0.000012
0.1 −625 −5.87 0.01
0.3 −157.63 −3.59 0.13
0.498 −84.07 0.01 −5360.35
0.5 −83.75 0.03 −29.57
0.7 −59.97 3.09 −0.37
0.9 −56.18 3.97 −0.20
0.93 −60.009 3.81 −0.18
0.97 −77.05 3.31 −0.13
0.99999 −8642.22 0.96 −0.01
L = 20
k0 θ I D
0.0001 −7.73× 107 −202.63 0.00013
0.1 −64163.20 −189.62 0.18
0.3 −16182.98 −115.964 1.34
0.498 −8630.93 0.01 −54148.46
0.5 −8597.86 1.01 −299.68
0.7 −6157.25 99.67 −3.81
0.9 −5767.82 128.28 −2.11
0.93 −6160.51 123.01 −1.85
0.97 −7910.44 106.96 −1.37
0.99999 −887209.12 30.87 −1.16
4.2. Zero mean periodic waves for the critical KdV. In what follows, we still consider A = 0 and
g(s) = s5 in equation (3.6). Our intention is to give a complete scenario for the spectral stability in this
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L = 50
k0 θ I D
0.0001 −3.02× 109 −3166.19 0.0008
0.1 −2.50× 106 −2962.83 1.15
0.3 −632147.64 −1811.92 8.40
0.498 −337145.63 0.08 −337287.97
0.5 −335854.08 15.88 −1873.04
0.7 −240517.76 1557.41 −23.86
0.9 −225305.66 2004.39 −13.20
0.93 −240645.06 1922.17 −11.57
0.97 −309001.70 1671.26 −8.59
0.99999 −3.46× 107 484.27 −0.91
L = 100
k0 θ I D
0.0001 −4.83× 1010 −25329.55 0.003
0.1 −4.01× 107 −23702.60 4.63
0.3 −1.01× 107 −14495.34 33.60
0.498 −5.39× 106 0.04 −1.34× 106
0.5 −5.37× 106 127.10 −7492.06
0.7 −3.84× 106 12459.24 −95.45
0.9 −3.60× 106 16035.15 −52.81
0.93 −3.85× 106 15377.32 −46.31
0.97 −4.94× 106 13370.03 −34.39
0.99999 −5.54× 108 3868.13 −3.62
case.
Let L > 0 be fixed. An explicit periodic wave with cnoidal profile for this case is given by
φ(x) =
acn
(
4K(k)
L x, k
)
√
1− bsn2
(
4K(k)
L x, k
) , (4.9)
where a, b and ω also depend smoothly on the elliptic modulus k ∈ (0, 1) as
a =
2[(2− k2 + 2√k4 − k2 + 1)K(k)2L2] 14
L
, (4.10)
b = −1 + k2 −
√
k4 − k2 + 1, (4.11)
and
ω =
16K(k)2
√
k4 − k2 + 1
L2
. (4.12)
As we will see in the next table, the associated linearized operator around the periodic wave φ given by (4.9)
satisfies n(L(ω,0)) = 2 and ker(L(ω,0)) = [φ
′] (see Theorem 3.2 and Proposition 3.1). Therefore, we obtain
the same spectral properties for all (ω,A) in the parameter regime (that is, for the periodic waves above
the correspondent homoclinic, it is also possible to use Theorem 3.1). From Theorem 3.3 we guarantee the
existence of a smooth surface
(ω,A) ∈ O 7→ φ(ω,A) ∈ Hnper,e([0, L]), n 1,
of periodic waves, all of them with the same period L > 0.
Since we have constructed the smooth surface (ω,A) ∈ O 7→ φ(ω,A) ∈ H2per,e([0, L]) of even periodic waves
which solves the nonlinear differential equation (1.4) with p = 4, the next step is to calculate n(I) and n(D).
Table below shows us the behavior of the quantities θ and I associated with some (fixed) values of L > 0.
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L = 2pi
k0 θ I
0.0001 17.14 −0.47
0.1 17.89 −0.37
0.3 19.58 −0.21
0.5 22.64 −0.05
0.547 23.99 −0.01
0.5612 24.42 0.01
0.7 33.13 0.22
0.9 117.62 0.59
L = 20
k0 θ I
0.0001 1731.48 −16.22
0.1 1810.31 −13.03
0.3 1985.57 −7.76
0.5 2302.44 −2.20
0.5599 2485.07 −0.001
0.5612 2485.44 0.002
0.7 3383.23 6.90
0.9 12070.4 19.12
L = 50
k0 θ I
0.0001 67533.3 −255.01
0.1 70615.7 −205.04
0.3 77469.6 −122.39
0.5 89856.9 −35.17
0.56 97008.9 −0.65
0.5612 97182.04 0.09
0.7 132090.2 107.51
0.9 471479.7 298.77
L = 100
k0 θ I
0.0001 1.08× 106 −2041.78
0.1 1.12× 106 −1641.82
0.3 1.23× 106 −980.33
0.5 1.43× 106 −282.33
0.56 1.55× 106 −6.06
0.561209 1.55× 106 0.01
0.7 2.11× 106 859.66
0.9 7.54× 106 2390.2
It remains to calculate D. For the case (ω,A) = (ω, 0), we see that 〈L−1φ, 1〉 = − ddω
∫ L
0 φdx = 0. If I 6= 0,
we can use (2.6) to obtain
D = −1
2
d
dω
∫ L
0
φ2dx.
Formula (411.03) in [9] gives us that∫ L
0
φ2dx =
a2L
K(k)
∫ K(k)
0
cn2(u, k)
1− b sn2(u, k)du
=
a2L
K(k)
pi(1− b) [1− Λ0(β, k)]
2
√
b(1− b)(b− k2) (4.13)
=
2pi
√
(k2 − 2b)(1− b) [1− Λ0(β, k)]√
b(b− k2) := τ(k).
Here, Λ0 indicates de Lambda Heumann function defined by
Λ0(β, k) =
2
pi
[E(k)F (β, k′) +K(k)E(β, k′)−K(k)F (β, k′)],
where β = arcsin
(
1√
1− b
)
and k′ =
√
1− k2.
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Next, for all k ∈ (0, 1) we have
dω
dk
= −16K(k) [K(k) (k
4 − 3k2 + 2)− 2E(k) (k4 − k2 + 1)]
L2k(1− k2)√k4 − k2 + 1 > 0. (4.14)
Thus,
d
dω
∫ L
0
φ2dx =
d
dk
∫ L
0 φ
2dx
dω
dk
=
τ ′(k)
dω
dk
. (4.15)
We can plot the behavior of τ ′ in terms of the modulus k ∈ (0, 1) to conclude from (4.14) and (4.15) that
d
dω
∫ L
0 φ
2 dx > 0.
Figure 1. Graphic of τ ′(k).
Let L > 0 be fixed. One sees that D < 0 for all ω > 4pi
2
L2
and A ≈ 0. Previous tables give us a threshold
value k0 ≈ 0.561 satisfying I = 〈L−11, 1〉 = 0 at k = k0 with I < 0 if k ∈ (0, k0) and I > 0 if k ∈ (k0, 1).
Therefore, we can apply Corollary 2.1 to conclude that φ is spectrally stable if k ∈ (0, k0) and spectrally
unstable if k ∈ (k0, 1).
4.3. The Gardner equation. Now, we apply the arguments in the previous sections to study the spectral
stability associated with the Gardner equation expressed in a general form as
ut + α1(u
2)x + α2(u
3)x + uxxx = 0, (4.16)
where α1 and α2 are non-negative constants satisfying α
2
1 +α
2
2 6= 0. When α2 = 0, equation (4.16) reduces to
the well KdV equation while α1 = 0, the same equation provides us the modified KdV equation. Results of
spectral/orbital stability of periodic waves in both cases have been discussed in [3], [4], [10], and references
therein.
Let L > 0 be fixed and consider α1 = α2 = 1. Explicit periodic waves φ for this equation can be
determined as
φ(x) = −1
3
+ bcn
(
4K(k)
L
x, k
)
, (4.17)
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where b, ω and A are given by
b =
4
√
2kK(k)
L
, (4.18)
ω = −1
3
− 16K(k)
2(1− 2k2)
L2
, (4.19)
and
A =
1
27
+
144K(k)2(1− 2k2)
27L2
. (4.20)
Now, let us define ϕ(x) = 13 + φ(x) = bcn
(
4K(k)
L x, k
)
. We see that ϕ solves the equation
− ϕ′′ +
(
ω +
1
3
)
ϕ− ϕ3 = 0, (4.21)
that is, ϕ is a periodic wave with cnoidal profile for the modified KdV equation.
Let Lϕ be the linearized operator around ϕ associated with the equation (4.21) with g(s) = s
3. It is a
surprising fact that
Lϕ = −∂2x + ω +
1
3
− 3ϕ2 = −∂2x + ω − 2φ− 3φ2 = L,
where L is the linearized operator around φ associated with the Gardner equation (4.16). Using the argu-
ments in [3] and [10], we see that n(L) = n(Lϕ) = 2 and ker(L) = ker(Lϕ) = [φ
′].
Now, since Lϕ = L, one sees that 〈L−1ϕ 1, 1〉 = 〈L−11, 1〉. In addition, we obtain similarly as determined
in [3] and [10] that 〈L−11, 1〉 < 0 for k ∈ (0, k0) and 〈L−11, 1〉 > 0 for k ∈ (k0, 1), where k0 ≈ 0.909.
It remains to calculate D in this specific case. First, we deal with∫ L
0
φ2dx =
L
9
− 2b
3
∫ L
0
cn
(
4K(k)
L
x, k
)
dx+ b2
∫ L
0
cn2
(
4K(k)
L
x, k
)
dx. (4.22)
The middle term on the right-hand side of (4.22) has zero mean since∫ L
0
cn
(
4K(k)
L
x, k
)
dx =
L
2K(k)
∫ 2K(k)
0
cn(u, k) du = 0. (4.23)
In addition, the last term containing the quadratic power can be simplified as∫ L
0
cn2
(
4K(k)
L
x, k
)
dx =
L
K(k)
∫ K(k)
0
cn2(u, k) du =
L[E(k)− (1− k2)K(k)]
k2K(k)
. (4.24)
Collecting the arguments contained in (4.18), (4.22), (4.23), and (4.24), we conclude that∫ L
0
φ2dx =
L
9
+
32K(k)[E(k)− (1− k2)K(k)]
L
. (4.25)
In order to calculate ddω
∫ L
0 φ
2dx, we need to observe first that for all k ∈ (0, 1) we have
dω
dk
= −32K(k)[(1− 2k
2)E(k)− (1− k2)K(k)]
k(1− k2)L2 > 0. (4.26)
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Thus, we are in position to give a convenient expression for ddω
∫ L
0 φ
2dx using the chain rule as
d
dω
∫ L
0
φ2dx =
d
dk
∫ L
0 φ
2dx
dω
dk
. (4.27)
By (4.25), we obtain for all k ∈ (0, 1) that
d
dk
∫ L
0
φ2dx = −32[(1− k
2)K(k)(2E(k)−K(k))− E(k)2]
k(1− k2)L > 0. (4.28)
Finally, by (4.28) and (4.26) we deduce
1
2
d
dω
∫ L
0
φ2dx =
d
dk
∫ L
0 φ
2dx
2dωdk
> 0. (4.29)
We are in position to calculateD. We have already determined that 〈L−1ϕ 1, 1〉 = 〈L−11, 1〉. Similarly, since
ϕ has zero mean it follows that 〈L−1ϕ ϕ, 1〉 = 〈L−1φ, 1〉 = − ddω
∫ L
0 φdx = 0. In addition, a straightforward
calculation also gives us that 〈L−1ϕ ϕ,ϕ〉 = 〈L−1φ, φ〉 = −12 ddω
∫ L
0 φ
2dx. Thus, for k 6= k0 ≈ 0.909 one has
from (4.29) that D is
D = −1
2
d
dω
∫ L
0
φ2dx < 0.
Corollary 2.1 can be applied to deduce tha spectral stability of φ when k ∈ (0, k0) and the spectral instability
when k ∈ (k0, 1).
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